
Article

Is Time a Cyclic Dimension? How to
Second-Quantize Fields by Means of Periodic
Boundary Conditions

Donatello Dolce

University of Camerino, Piazza Cavour 19F, 62032 Camerino, Italy

Abstract: With simple but rigorous arguments we prove that the ordinary second quantization
of bosonic and fermionc fields is formally equivalent to constraining the elementary degrees of
freedom of the classical fields to have intrinsically periodic dynamics in time. This result confirms
and extends the formal equivalence obtained in previous papers for general Hamiltonian systems in
terms of canonical quantization, for elementary relativistic particles also in terms of the Feynman Path
Integrals, as well as other remarkable correspondences of both phenomenological and theoretical
fundamental interest.
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1. Introduction

We know from the wave-particle duality of Quantum Mechanics (QM) that each elementary
particle or elementary system in general is described by a wave-function φ(x, t). That is a ’periodic
phenomenon’, as originally named by de Broglie [1], whose natural recurrence in time is fixed by
the energy through the Planck constant (we adopt natural units h̄ = 1). If the system has locally
varying energy ω(x) due to interactions, then the wave-function has locally varying frequency f (x)
and therefore the rate of the time recurrence T(x) is locally modulated, such that

φ(x, t) = φ(x, t + T(x)) . (1)

In a perturbative description of interactions T(x) varies point by point in a causal way as the energy
(undulatory mechanics and Hamilton’s opto-mechanical analogy [2]).

In past papers [3–12] we have investigated the following legitimate question: what happens if the
natural local recurrence in time T(x) of the wave function φ(x, t) that can be associated to any generic
physical system, Equation (1), is reinforced as constraint to the wave function itself by means Periodic
Boundary Conditions (PBCs)? Applications of PBCs along the time dimension, all in all, has been also
observed for Time Crystals [13].

The answer has been given in the form of theorem in recent [3] by using results of Geometric
Quantization [14–17] and without interpretational ambiguities. Under the very general hypothesis
of Hamiltonian systems, i.e., generic symplectic manifolds of even dimensions equipped with a
non-degenerate, closed 2-form, and U(1) symmetry, the result of such PBCs imposed as constraint
is a quantization formally equivalent to the canonical quantization of the system. In particular the
resulting cyclic dynamics can be described in an Hilbert space, the time evolution is given by the
ordinary Schrödinger equation, the PBCs play a role formally equivalent to the canonical commutation
relations and to the other Dirac’s rules

φ(x, t)
PBCs≡ φ(x, t + T(x)) ⇐⇒ [x, p̂] = i ,

resulting that p̂ = −i ∂
∂x . Along the integral curves of the system the local temporal recurrence T(x) is

defined as forming a vortex tube whose circulation is invariantly equal to the Planck constant in the
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extended phase-space (Stokes’ lemma) [2], in agreement with the de Broglie-Planck hypothesis. Notice
that under the constraint of intrinsic periodicity a wave-function of defined local energy ω(x) becomes
a vibrating string with the whole spectrum (in general anharmonic) of vibrational modes allowed
by the constraint. Intuitively the idea can be regarded as a sort relativistic generalization to the time
dimension of the semi-classical quantization of "a particle in a Box" where the quantization is achieved
by imposing BCs in space (e.g., consider that Lorentz boosts “mix” space and time dimensions). It can
be also regarded as justification of the Matsubara theory where the quantization of statistical systems
at finite (constant) temperature T is achieved by imposing periodic BCs (or anti-periodic BCs) with
period β = 1/kBT where kB is the Boltzmann constant [18].

This theorem confirms and generalizes to generic Hamiltonian systems the same formal
equivalence independently obtained in previous works for elementary particles (first quantization of
single degrees of freedom) in terms of both Feynman quantization and canonical quantization [4–12].
The same formal equivalence has also been applied to explain in an original way non-trivial quantum
phenomena such as superconductivity and graphene physics [11,12]. The ansatz has also revealed
a geometrodynamical origin of gauge interaction [5,7], and a formal derivation of the AdS/CFT
correspondence [6].

In this paper we demonstrate the validity of the formal equivalence between intrinsically periodic
dynamics and ordinary Quantum Field Theory (QFT) in terms of second quantization for both
the bosonic and fermionic fields [19]. The result was expected as fields are anyhow Hamiltonian
systems, even if with infinite degrees of freedom. In other words we establish a direct link between
temporal PBCs and the field commutators of ordinary second quantization with arguments completely
independent with respect to those used in the previous demonstrations.

2. Second Quantization of Bosons

The quantization of the Harmonic Oscillator (HO) is at the base of the second quantization and it
is particularly simple to interpret in terms of intrinsic periodicity. Being an isochronous system the HO
has global periodicity T, i.e., it does not vary along the integral curves.

2.1. Harmonic Oscillator

Consider an HO of characteristic fundamental period T = 2π/ω. This must be regarded a single
degree of freedom of a Klein-Gordon (KG) field. The Hamiltonian is

HHO =
1
2
( p̂2 + ω2q̂2) =

1
2

ω(â† â + ââ†)

where â and â† parametrize the phase-space variables as usual q̂ =
√

1
2ω

(
â + â†) and p̂ =

i
√

ω
2
(
â† − â

)
.

Before starting our proof we note that the constraint of global intrinsic periodicity q̂(T)
PBCs≡

q̂(0) implies that each solution q̂(t) is a generic superposition of harmonic eigenmodes qn(t) =

An exp(−iωnt) for some normalization constants An, such that i∂tq(t) = ωnq(t) with harmonic
spectrum ωn = nω and n ∈ Z. So the system can be described, at a statistical level, by an Hilbert state
|q〉 defined in the infinite dimensional Hilbert space of complete orthogonal basis |n〉 associated to
the harmonics qn(t). The time evolution is thus given by the Schrödinger equation i∂t|q〉 = ĤHO|q〉,
where ĤHO is the Hilbert operator such that ĤHO|n〉 = ωn|n〉. Similar arguments have been used
by ’t Hooft for continuous periodic Cellular Automata, e.g., [20–22]. Evidently, this description share
some analogy with the normal ordered QHO — for a non relativistic analysis we must assume n ∈ N.
To establish a possible formal equivalence between the two physics we must however prove that
the canonical commutation relations, and in particular the commutation relations among the ladder
operators, can also be directly inferred from the condition of intrinsic periodicity.
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Let us thus impose intrinsic periodicity q(0)
PBCs≡ q(T) to the classical solutions q(t) and generically

describe such an intrinsically periodic HO in an Hilbert space with temporal evolution given by the
Schrödinger equation. We prove that the canonical quantization of the HO is formally equivalent to
the constrain of intrinsic periodicity. In particular we want to prove that

q̂(T)
PBCs≡ q̂(0)

T = 2π/ω

}
⇔ [q̂, p̂]− = i . (2)

The demonstration starts by assuming, for the parameters â and â† promoted to generic Hilbert
operators and keeping Weyl ordering, the most generic commutation relation

[â, â†]± = ââ† ± â† â = δ ,

for some constant δ ∈ R (δ cannot be a function of time).
For any Hilbert operator F̂ associated to the intrinsically periodic HO the time evolution resulting

from the Schrödinger equation is (Heisenberg representation)

F̂(t) = eiĤt F̂(0)e−iĤt . (3)

This can be evaluated by using the Lie series (Baker-Campbell-Hausdorff lemma), see [23],

eX̂Ŷe−X̂ = Ŷ + [X̂, Ŷ]− +
[X̂, [X̂, Ŷ]−]−

2!
+ . . . (4)

= e2̂X
(

e−X̂Ye−X̂
)

= e2̂X

(
Ŷ− [X̂, Ŷ]+ +

[X̂, [X̂, Ŷ]+]+
2!

+ . . .

)
, (5)

or simply by using the general identities eÂ = ∑n
Ân

n! and (Â + B̂)n = ∑k (
n
k)Ân−k B̂k.

We write â = a(0) and a† = a†(0) and study their time evolution. Since â(â† â)n = (ââ†)n â and
â(ââ†)n = (δ∓ ââ†)â, we have

â(t) = eiĤt â(0)e−iĤt

= eiĤte−
i
2 ωt(ââ†∓ââ†+δ) â(0)

= e−
i
2 ωt(δ∓δ) â(0) . (6)

and an equivalent result for its conjugate â†(t).
We must conclude that{

â(T)
PBCs≡ â(0)

T = 2π/ω
⇔ [â, â†]− = 1 . (7)

In fact the anti-commutation case [â, â†]+ = δ as well as the commutation [â, â†]− = 0 must be
excluded since in both cases we get a trivial evolution a(t) = const. We can also exclude δ ∈ C since
its imaginary part would imply a damping in the solutions.

The remaining possibilities compatible with the constraint of intrinsic periodicity are [â, â†]− = n
with n ∈ N. The negative integers δ = −n imply an inversion of role between the two ladder operators
with respect to the corresponding positive integers δ = n.

Finally it is easy to realize that [â, â†]− = 1 is the most stringent condition allowed. The
quantization obtained with commutator [â, â†]− = n and n ∈ N/{0, 1} is implicit in the most general
quantization [â, â†]− = 1. For instance, acting on the vacuum with such a creation operator satisfying
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commutation equal to generic n ∈ N/{0, 1} is equivalent to acting n times on the vacuum with the
creation operator satisfying [â, â†]− = 1. In the former case only states |n〉, |2n〉, |3n〉 . . . , can be created.
This would also mean that the fundamental period of the harmonic system is T/n, in contradiction
with the hypothesis that the HO has fundamental period T.

Our thesis Equation (2) follows directly from Equation (7). The dynamics of an ordinary Quantum
HO (QHO) obtained by imposing canonical commutation relations among the phase-space operators
are therefore formally equivalent, at a statistical level, to the dynamics of a corresponding classical HO
constrained to have fundamental periodicity T = 2π/ω.

The same conclusion holds for the normal ordered Hamiltonian : H := ωââ†. This shows that the
vacuum energy 1

2 ω depends on the ordering and not only on the BCs. By taking track of the operators
ordering, the energy eigenstates and eigenvalues of the QHO can be therefore inferred directly from
the condition of intrinsic periodicity, as discussed in the premise of our proof.

2.2. Second Quantization of Bosonic Fields

Consider now a classical KG field, for the sake of simplicity we will always assume one spatial
dimension,

Φ(q, t) =
∫

dpφp(q, t) =
∫

dp( fp(q, t)âp + f ∗p (q, t)â†
p) ,

where fp(q, t), ∀p, clearly form a complete set of orthogonal solutions due to the PBCs. The
Hamiltonian is

HKG =
1
2

∫
dpω(p)(âp â†

p + â†
p âp) .

We have infinite degrees of freedom but each field component φp(q, t) can be regarded as an
elementary relativistic HO of fundamental periodicity Tp = 2π/ω(p) so that the formal equivalence
obtained for the HO can be generalized. The ordinary second quantization condition of the KG field
is thus formally equivalent to the constraint of intrinsic periodicity applied for each elementary HO
constituting the field. From Equation (7), ∀p, p′, we have{

φp(q, Tp)
PBCs≡ φp(q, 0)

Tp = 2π/ω(p)
⇔ [âp, â†

p′ ]− = δ(p− p′) .

The KG field Φ(q, t) has not a well defined periodicity being the integral of all the momentum
components φp(q, t). Each component has however a well defined periodicity Tp = 2π/ω(p). We
introduce a modular time evolution in which each field component φp(q, t) has a different time evolution
rate tp:

eiθ̂[t] = e
i
2
∫

dpθp [t](âp â†
p+â†

p âp) (8)

with θp[t] = tpωp, ∀p.
We denote by Φ(q, [T]) the KG field in which each component φp(q, t) has evolved in time exactly

of an integer number of corresponding periods Tp with respect to the initial configuration Φ(q, 0).
That is,

Φ(q, [T]) = eiθ̂[T]Φ(q, 0)e−iθ̂[T]

where θp[T] = Tpω(p) = 2π, ∀p.
In terms of such modular time evolution we have{

Φ(q, [T])
PBCs≡ Φ(q, 0)

θp[T] = Tpωp = 2π
⇔ [âp, â†

p′ ]− = δ(p− p′) .

This also means that the second quantization expressed in terms of field commutators holds if
and only if each field component is constrained to assume the same configuration after an integer
number of its cycles
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{
Φ(q, [T])

PBCs≡ Φ(q, 0)
θp[T] = Tpωp = 2π, ∀p

m
[Φ(x, t), Φ̇(y, t)]− = iδ(x− y) .

Summarizing, a classical KG field Φ(q, t) is formally equivalent to a second quantized KG field if
each component φp(q, t) is constrained to be intrinsically periodic with respect to its natural recurrence.
In a similar way we can infer the formal equivalence between second quantization and the constraint
of intrinsic periodicity for vectorial fields, with all the due prescriptions of the ordinary second
quantization of gauge theories, see also [3,5].

3. Second Quantization of Fermions

The analysis of the Fermi oscillator will allow us to easily generalize the above formal equivalence
to Dirac fields.

3.1. Fermi and Dirac Oscillator

We consider a Fermi oscillator of fundamental periodicity T = 2π/ω, as described by the
Hamiltonian

ĤF = ω f̂ † f̂ .

We want to prove that the condition of fundamental periodicity imposed as constraint f̂ (T)
PBCs≡ f̂ (0)

necessarily implies the canonical anti-commutators of fermionic degrees of freedom.
Again the condition of intrinsic periodicity guaranties that the system can be described, at a

statistical level, in a Hilbert space and that its temporal evolution is given by the Schrödinger equation.
Thus we promote f̂ and f † to Hilbert operators and we assume generic anti-commutation

[ f̂ , f̂ †]+ = δ . (9)

with δ ∈ R .
We want to obtain the Fermi-Dirac statistics so we directly exclude the possibility of commutation

relations [ f̂ , f̂ †]− = δ and we assume f̂ 2 = 0 for obvious reasons. Without loss of generality we
temporarily assume ω = 1. Since Ĥ2

f = δĤ f the eigenvalues of Ĥ f must be λ2 = δλ so that λ = 0 and
δ. let us investigate the quantization resulting from the generic anti-commutation relation Equation (9).
We define |0〉 such that Ĥ f |0〉 = 0 with 〈0|0〉 = 1. Thus |a〉 = f̂ |0〉 = 0 as ||a〉|2 = 〈0| f̂ † f |0〉 = 0. Also
we define |δ〉 = f̂ †|0〉 such that ||δ〉|2 = 〈0|(δ− f̂ † f̂ )|0〉 = δ.

In analogy with the bosonic case, from Equations (3) and (4) we find the following time evolution

f̂ (t) = e−iωt(δ−2 f̂ † f̂ ) f̂ (0) = ei2Ĥ f te−iωtδ f̂ (0) .

Notice the Zitterbewegung term in this single-particle description, e.g., [24].

From the condition of intrinsic periodicity f̂ (T)
PBCs≡ f̂ (0) we immediately have δ ∈ N. In fact,

Ĥ f |δ〉 = f̂ † f̂ f̂ †|0〉 = f̂ †(δ− f̂ † f )|0〉 = f †δ|0〉 = δ|δ〉. Thus (δ− 2δ) ∈ Z and finally δ ∈ Z. Similarly,
Ĥ f |0〉 =0 and again δ ∈ Z. The choice −δ ∈ N is physically equivalent to δ ∈ N for the same reasons of
the bosonic case.

The case δ = 0 is trivial and must be excluded because it yields f (t) = const. The case δ = 1
works fine. In particular f̂ (t)|0〉 = exp(−iωt) f̂ (0)|0〉 and f̂ (t)|1〉 = exp(+iωt) f̂ (0)|1〉. The case
δ = n with n ∈ N/{0, 1}must be excluded as well. It implies that f̂ (t)|0〉 = exp(−inωt) f̂ (0)|0〉 and
f̂ (t)|n〉 = exp(+inωt) f̂ (0)|n〉. However |n〉 cannot be interpreted as n fermions in the same state due
to the underlying Dirac-Fermi statistics. It must be rather interpreted as a fermion of fundamental
energy nω in its state |1〉 since no lower energetic states can be created. In other words, similarly to
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the bosonic case, it means that the period T of the Hamiltonian is not the fundamental period of the
system. The fundamental period in this case would be Tn = T/n in contradiction with our hypothesis.

The only possible choice in Equation (9) is δ = 1. Thus,{
f̂ (T)

PBCs≡ f̂ (0)
T = 2π/ω

⇔ [ f̂ , f̂ †]+ = 1 .

The same conclusions also apply to

Ĥ′F =
1
2

ω( f̂ † f̂ − f̂ f̂ †) (10)

where the time evolution is now a pure Zitterbewegung

f̂ (t) = e−iωt(δ−2 f̂ † f̂ ) f̂ (0) = ei2Ĥ′f t f̂ (0) , (11)

with the same Fock space of the previous case.
In analogy to the Fermi oscillator we may consider the Dirac oscillator defined by the Hamiltonian

ĤD = ω(b̂† b̂− d̂d̂†) .

Similarly to Equation (10), the generic anti-commutation relations Equations (9) assumed separately
for both b̂ and d̂ operators lead to the evolution

b̂(t) = e−iωt(δ−2b̂† b̂) b̂(0) , d̂(t) = e−iωt(δ−2d̂† d̂)d̂(0) .

The Zitterbewegung is disappeared in the Dirac oscillator and thus it will disappear in the Dirac field
description, as noticed in literature, e.g., [24,25].

By introducing the ordinary concept of Dirac vacuum and in analogy with the Fermi oscillator
we obtain 

b̂(T)
PBCs≡ b̂(0)

d̂(T)
PBCs≡ d̂(0)

T = 2π/ω

⇔
{

[b̂, b̂†]+ = 1
[d̂, d̂†]+ = 1 ,

and all the other possible anti-commutators must be equal to zero.

3.2. Second Quantization for Dirac Fields

We want to establish the relationship between PBCs and the second quantization of Dirac fields
in analogy to the previous analysis of bosonic fields.

The Dirac field can be written in the following form

Ψ(q, t) =
∫

dpψp(q, t) =
∫

dp
(

up(q, t)b̂p + vp(q, t)d̂†
p

)
,

where up(q, t) and vp(q, t) are spinors (we have suppressed the spin index). The Hamiltonian is

HΨ =
∫

dpω(p)(b†
pbp − dpd†

p) .

By investigating the time evolutions of these ladder operators, in complete analogy with the Dirac HO
, ∀p, p′ we obtain the following formal equivalence
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{
[b̂p, b̂†

p′ ]+ = δ(p− p′)
[d̂p, d̂†

p′ ]+ = δ(p− p′)

m{
ψp(q, Tp)

PBCs≡ ψ(q, 0) ,
Tp = 2π/ω(p) .

and all the other anti-commutators equal to zero.
In terms of the modular time evolution analogous to Equation (8) the above result can be written as{

[b̂p, b̂†
p′ ]+ = δ(p− p′)

[d̂p, d̂†
p′ ]+ = δ(p− p′)

⇔
{

Ψ(q, [T])
PBCs≡ Ψ(q, 0),

θp[T] = Tpωp = 2π .

and finally {
Ψ(q, [T])

PBCs≡ Ψ(q, 0)
θp[T] = Tpωp = 2π, ∀p .

m
[iΨ†(x, t), Ψ(y, t)]+ = iδ(x− y) . (12)

The condition of intrinsic periodicity is formally equivalent to the second quantization condition also
for Dirac fields.

In finite temperature field theory we are used to quantize bosonic degree of freedom by imposing
PBCs and femionic degrees of freedom by imposing anti-PBCs along the Euclidean time dimension, see
e.g., [18]. These are common BCs for all the thermal fields mode as they all have the same temperature,
contrarily to the BCs considered here which must be imposed by means of the modular time operator.
Also, the BCs must always be interpreted up to a twist factor e−iθ since both bosonic and ferminic
degrees of freedom typically have U(1) symmetry. For instance the PBCs of the fermionic degrees of
freedom can be replaced with anti-PBCs (twist e−iπ) and the effect on the energy spectrum is a shift of
the vacuum energy similarly to that resulting from a different ordering of the operators [3,5,7–12], see
also the zitterbewegung in Equation (11).

4. Interactions

Field theory is based on the physics of the HO and interactions are typically described in a
perturbative way, by means of a scattering matrix with in and out states of constant energies, and
therefore of in and out constant recurrences in time. Hence, we don’t have to worry about the
complication resulting from the local modulations of the periodicity rate T(x) associated to the local
variations of energy E(x) of a perturbative description of interactions. Anyhow, in the non-perturbative
formalization, the local modulations of periodicity occurring during interaction has been formalized
in [3,5–7]. They imply local space-time geometrodynamics which has revealed a novel formulation of
gauge interaction analogous to that of gravitational interaction.

Even though the constraint of intrinsic periodicity can be safely used (even in the exception
of constant recurrences) as a simple mathematical trick to quantize fields and calculate quantum
observables, we strongly believe that its origin has strong physical motivations in a renewed
formulation of the concept of relativistic time.

5. Conclusions

The constraint of intrinsic time periodicity can be formally used in place of the canonical
commutators in the second quantization for both bosonic and fermionic fields. This study lays
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the ground of a new mathematical method potentially applicable in calculating quantum observables
in QFT, such as Feynman diagrams, and essentially based on the physics of classical-relativistic
harmonic systems.
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